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It is well-known that the violation of a local uncertainty relation can be used as an indicator for
the presence of entanglement. Unfortunately, the practical use of these non-linear witnesses has
been limited to few special cases in the past. However, new methods for computing uncertainty
bounds became available. Here we report on an experimental implementation of uncertainty-based
entanglement witnesses, benchmarked in a regime dominated by strong local noise. We combine the
new computational method with a local noise tomography in order to design noise-adapted entan-
glement witnesses. This proof-of-principle experiment shows that quantum noise can be successfully
handled by a fully quantum model in order to enhance entanglement detection efficiencies.
INTRODUCTION
Entanglement is a crucial resource that enables quan-
tum technologies like cryptography, computing, dense
coding and many more. Hence, in addition to the chal-
lenging task of creating entanglement [1–6], robust and
practical verification schemes are a key requirement for
unleashing the full power of these technologies.
In this letter we report a proof-of-principle experi-
ment of noise-tolerant non-linear entanglement witnesses
which are based on violations of local uncertainty re-
lations. In our implementation, we detect photon en-
coded qutrit-qutrit entanglement by local measurements
of orthogonal angular momentum components affected
by strong noise originating from random spin-flips. We
adapt our witnesses to this noise by an error estima-
tion solely based on local measurements. We successfully
benchmark our detection scheme in a noise regime where
conventional witnesses fail to detect any entanglement at
all (see Fig. 1).
The existence of unavoidable uncertainties in any
quantum measurement process [7–21] is one of the most
characteristic implications of quantum physics. It has
been known for quite a while [22–27] that any variance-
based uncertainty relation
∆2X + ∆2Y ≥ c (1)
on local measurements X and Y yields a non-linear en-
tanglement witness. Unfortunately, in the past, this
method could only be applied in a very limited context
because explicit bounds in (1) were only known for few
symmetrical cases (see e.g. [28] for a list). However, a
method for computing bounds for general X and Y re-
cently became available [28, 29].
For our experiment, we employ a modified version of
this method in order to handle the influence of quantum
FIG. 1. Uncertainty regions adapted to local noise.
We measure the variance of the total angular momentum of
qutrit-qutrit states in two orthogonal directions. Since sep-
arable states have larger variances, the placement of an un-
known quantum state in the above diagram allows us to con-
clude the presence of entanglement. The shape of these re-
gions strongly changes by the influence of local noise sources.
Depicted above for random spin-flip noise with estimated
noise parameter α ≈ 0 (blue) and α ≈ 0.2 (red).
noise entirely on a quantum level, whenever a quantum
model of this noise is available. In practice, we first mo-
tivate a noise model by theory and check it on a large
range of tomographic test states afterwards. Thereby we
concentrate on local noise sources [30], since they are ac-
cessible in any LOCC setting.
The wider scope of our proof-of-principle experiment
are applications in long-range communication settings [6,
31, 32]. Here, local noise typically turns out to be the
actual limitation in practice, even though in theory, the
exponential scaling of absorption is considered to be the
limiting factor [33, 34].
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2METHODS
Non-linear entanglement witnesses based on uncer-
tainty relations.—In general, an entanglement witness is
any separating functional W (ρ) that can be used to dis-
tinguish an entangled state from separable states [23].
More precisely, by taking the infimum of such a func-
tional over all separable states, i.e. states of the form
ρ =
∑
i
piρ
A
i ⊗ ρBi , (2)
we obtain a constant
cSEP = inf
ρ∈SEP
W (ρ), (3)
which allows us to witness entangled states, i.e. states
that are not of the form (2) [5]: if we find that W (ρ) <
cSEP, we immediately know that ρ cannot be a separable
state and is therefore entangled.
Typically linear functionals W are considered. In con-
trast, the entanglement witnesses we are using in our ex-
periment are based on variances of measurements X and
Y and therefore non-linear. Explicitly, we use weighted
uncertainty sums given by the functional
V (X,Y, ρ) = λ∆2ρX + µ∆
2
ρY, (4)
where ∆2ρX = 〈X(2)〉 − 〈X(1)〉2. Here, X(N) are the so-
called moment operators given for general POVMs [35]
as follows: Let x be an outcome of X and PX(x) the
corresponding POVM element, then the N -th moment
operator of X is given by X(N) =
∑
x x
NPX(x).
From an experimental perspective, our witnesses have
the advantage that only the first two moments of an out-
come distribution are needed. In contrast to the full out-
come statistics, these moments can be estimated with
much higher precision given a finite sample.
From a theoretical perspective, the corresponding con-
stant cSEP plays the role of a sum of local uncertainty
bounds: Consider a setting where two parties, named
Alice and Bob, can both choose between two measure-
ments X and Y . We then have four local measurements,
XA and YA for Alice and XB and YB for Bob. Globally,
the N -th moment of the X-measurement is then given
by
X(N) =
∑
(xA + xB)
N
PXA(xA)⊗ PXB (xB) (5)
and similar for Y (N).
The chosen witness has some convenient properties
with regard to calculating the infimum in equation (3):
Since it is a concave function which we want to minimize
over a convex set (the set of all separable states), the
optima are obtained at extreme points. However, the ex-
treme points of the set of separable states are pure states,
i.e. we only have to find the infimum over all product
states. The variance is then additive:
∆2ρA⊗ρBX = ∆
2
ρAXA + ∆
2
ρBXB , (6)
which leads to the following expression for the uncer-
tainty bound:
cSEP = inf
ρA⊗ρB
V (X,Y, ρ) (7)
= inf
ρA
V (XA, YA, ρA) + inf
ρB
V (XB , YB , ρB). (8)
Hence, we only need bounds on the functional V with
respect to local measurements and states.
Local noise.—For the design of noise robust entangle-
ment witnesses, we abstract the action of any local noise
source as depicted in Fig. 2: Whenever a particle enters
a local lab, it is firstly affected by local noise, i.e. it has to
cross a channel Tnoise, before it hits an idealized detector
X.
FIG. 2. Schematic view on local noise. Before a particle
is measured, it is disturbed by noise that is modelled by a
channel Tnoise. Since Tnoise acts locally, its characteristics can
be estimated in advance in order to construct error adapted
entanglement witnesses.
From the perspective of the Schrödinger picture this
results in a disturbed state ρ′ = Tnoise[ρ], which then re-
sults in disturbed measurement outcomes with disturbed
moments:
tr
(
Tnoise[ρ]X
(N)
)
. (9)
Generically, these moments lead to an increase of the
uncertainty ∆2ρ′X, which reflects the negative effect of
the noise. Hence entanglement, which was present in the
initial state ρ, may no longer be detectable by a witness
based on the local uncertainty of the ideal measurement
X.
At this point we should keep in mind that, from a
mathematical perspective, the disturbed state ρ′ still
contains a lot of information about the undisturbed in-
put ρ. Here one strategy could be to implement an
error-correcting quantum channel T−1noise, which is unfor-
tunately not practical: beside the fact that this would de-
mand a very high level of quantum control, a full recovery
of an unknown ρ is usually not possible since the inverse
of a noise channel is typically not a CP -map which means
that it is not a valid quantum operation.
3This fundamental shortcoming can be circumvented by
representing the noise in the Heisenberg picture: From
this perspective, only the local detectors are affected by
the noise. Here, we can assume that the characteristics
of an ideal detector X are well known in advance, such
that we can directly describe noisy measurements X ′ by
a POVM with elements
PX′ = T
∗
noise[PX(x)], (10)
and moments
tr
(
ρT ∗noise[X
(N)]
)
= tr
(
ρ
∑
x
xNT ∗noise[PX(x)]
)
. (11)
Here, the local noise is compensated on a classical
level when we adapt our entanglement witnesses by
using the correct local uncertainty bounds for disturbed
measurements X ′. In practice this demands us to (i)
collect information on the local noise in order to come
up with a valid error model and (ii) compute the corre-
sponding uncertainty bounds. We achieved the first task
by performing measurements on (local) test-states and
the second by using the recently developed algorithm
from [28], which can also be applied to arbitrary POVMs.
EXPERIMENT
FIG. 3. Experimental setup. The pump state is prepared
as ψp = 1√3 (|H〉u + |V 〉u − |V 〉l using the beam displacer
(VBD1) operated at 404 nm and the HWPs (HWP1 and
HWP2), where H (V) stands for the horizontal (vertical) po-
larization and the u (l) stands for the upper (lower) path.
Then the pump photon splits to the entangled photon pairs
via the spontaneous parametric down conversion process. So
we get the three dimensional singlet state in Eq. (12). Then,
Alice and Bob construct the measurement apparatus using
the BD@808nm and the wave plates oriented at the specific
angles. The details can be found in the supplementary mate-
rials.
Setup.—In our implementation, entanglement is real-
ized by so called path polarization hybrid states [36, 37].
Due to many developments in recent years, the path and
the polarization degrees of freedom of a photon can be
controlled easily and efficiently.
We use the setup as sketched in Fig. 3 to prepare the
singlet state
ψsingl =
1√
3
(|02〉+ |20〉 − |11〉). (12)
We detect the entanglement of this state based on
measurements of spin-1 angular momentum components
LX and LY .
The noise model.—In our experiment we probe qutrit-
qutrit entanglement detected by local measurements of
the spin-1 components LX and LY . In order to bench-
mark the performance of our method in a regime where
the conventional criteria fail to work, we actively add
local noise to our measurements.
We generate this noise by applying a random sequence
of local spin-flips within the LX −LY plane. For a noise
parameter α which corresponds to an effective spin-flip
probability this implements a channel
T ∗noise[P ] :=
1
2
(
(2− α)P + αU∗flipPUflip
)
, (13)
where an individual spin-flip is described by the unitary
Uflip := e
−ipiLZ .
For this channel the operators L′(1)X and L
′(1)
Y , corre-
sponding to the first moments of our noisy detectors, are
given by
L
′(1)
X =
1√
2
 0 1− α 01− α 0 1− α
0 1− α 0
 , (14)
L
′(1)
Y =
i√
2
 0 α− 1 01− α 0 α− 1
0 1− α 0
 , (15)
whereas the operators for the second moments stay un-
changed, i.e. we have
L
′(2)
X =
1
2
1 0 10 2 0
1 0 1
 , L′(2)Y = 12
 1 0 −10 2 0
−1 0 1
 . (16)
Given this noise model we probe the actual local noise
by checking the predicted local uncertainty relations on
a set of test states
ψtest = sin θ1 cos θ2|0〉+ cos θ1|1〉+ sin θ1 sin θ2|2〉. (17)
The results of this are depicted in Fig. 4.
In principle, our method provides the ability to
incorporate more sophisticated noise models than the
presented one. However, for this experiment, it turns
out that the dominant part of the noise regime can be
4FIG. 4. Calibration of the measurement box. Lo-
cal uncertainty sums for noiseless (V (LX , LY )) and noisy
(V (L′X , L′Y )) observables measured on two sequences of test
states ψtest(θ1, θ2). Upper row: prepared in 2pi/45 steps for
0 < θ1 < 180
◦ and θ2 = 23.3◦. Lower row: prepared in 2pi/45
steps from 0 < θ2 < 180◦ and θ1 = 28◦.
For each state we collect about 20, 000 photons in total. The
statistical errors caused by the fluctuation of the coincidence
count stay below 0.004 and 0.01, which is too small to be
depicted in the figures.
well explained (see Fig. 4) by the action of the channel
(13), with a spin-flip noise parameter α ≈ 0.2, estimated
from experimental data.
Entanglement detection.—Via the procedure described
above, we can do measurements on a state ρ′ which is, in
principle, unknown but close to the singlet state (12).
The singlet state has the highest entanglement which
yields the highest violation of the computed bounds,
hence it is favourable to use this state for the purpose
of benchmarking.
The operators we measure are
M
(1)
i = L
(1)
i ⊗ I + I⊗ L(1)i , (18)
M
(2)
i = L
(2)
i ⊗ I + 2L(1)i ⊗ L(1)i + I⊗ L(2)i , (19)
for i = X,Y , i.e. the first two moments of the total an-
gular momentum (see also [38] for similar applications
on BECs). The noisy operators M ′i
(N) are defined anal-
ogously.
The measurement is performed once without noise and
once with noise. The major advantage of our scheme is
that we can already test a variety of witnesses, i.e. all val-
ues of λ and µ in our witness functional (4), by perform-
ing a measurement of only two spin components (MX
and MY ). More precisely, we measure a variance tuple
(∆2ρ′MX ,∆
2
ρ′MY ), from which the values of the variance
functional V (MX ,MY , ρ′) can be computed for all (λ, µ).
Whenever this functional violates an uncertainty bound,
FIG. 5. Entanglement detection. Uncertainty bounds
cSEP (blue line) for the noiseless and c′SEP (red line) for noisy
measurement and the variance functional V (black solid and
dashed lines) evaluated on the measured state, parameterized
by λ. Whenever a point on the black line lies below the uncer-
tainty bound, i.e. outside of the colored region, entanglement
is witnessed.
that is we observe
cSEP ≥ V (MX ,MY , ρ′) (20)
for some choice of parameters, entanglement is detected.
The results of this are shown in Fig. 5, where we used,
without loss of generality, the parameterization µ = 1−λ.
We detect entanglement with witnesses in the ranges λ ∈
{0.028, 0.985} and λ ∈ {0.250, 0.755}, for the noiseless
and the noisy case, respectively. Remarkably, we observe
for the noisy case that, even for the highly entangled
state we used here, the non-adapted witness would fail
to detect any entanglement (for any λ), as shown by the
placement of the dashed line in Fig. 5.
Furthermore, the strongest witness for this particular
state is given by the parameters λ = µ. Here we obtain
the uncertainty bounds
1
2
∆2MX +
1
2
∆2MY ≥ 7
16
≈ 0.4375 = cSEP (21)
and
1
2
∆2M ′X +
1
2
∆2M ′Y ≥ 0.7614 = c′SEP (22)
whereas the corresponding witness functionals only at-
tain the values
V (MX ,MY , ρ
′) = 0.021± 0.003 ≤ cSEP (23)
5and
cSEP ≤ V (M ′X ,M ′Y , ρ′) = 0.492± 0.018 ≤ c′SEP, (24)
which again shows that, given the observed data (24),
the witness (22) detects entanglement whereas the
witness (21) fails.
CONCLUSION
We described a proof of principle experiment that
demonstrates that high precision experimental tech-
niques and improved computational methods can be
merged to turn a simple idea [22] into a practical tech-
nology.
The local noise in this experiment has a relatively sim-
ple appearance, but our techniques are not limited to
this: A clear direction for future work is to use this
scheme for an improvement of existing entanglement dis-
tribution setups, especially in long range settings. It is
also worth mentioning that our scheme can be extended
to settings with more than two local measurements as
well. Beside experimental challenges, this also demands
new numerical methods. For this case, the correspond-
ing uncertainty relations are way less investigated than
in the case of two measurements. Here, new numerical
methods and experimental tests would contribute a lot
to the understanding of this case.
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